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Student Study Session Topic:  Important Theorems 

Facts, “truth,” ideas, etc. in mathematics are known as definitions, theorems, and postulates (also known 
as axioms or assumptions). Theorems require proof based on other theorems, definitions, or postulates. 
Definition name things and do not require proof. Postulates are where things start and are assumed to 
be true and do not therefore require proof. We will not be concerned with proof today.  

Theorems and postulates have the form  

IF (some things are true), then (some other thing is true). 

For example, the statement “If a function is differentiable at a point, then it is continuous at that point,” 
is an important theorem in calculus. The “if” part is called the hypothesis and the “then” part is called 
the conclusion. Theorems are also called conditional statements.  

There are three statements related to each theorem.  

• The converse is formed by interchanging the hypothesis and conclusion. The converse of a true 
theorem may be true, but often is not. The converse of the theorem above is “If a function is 
continuous at a point, then it is differentiable at the point” – this statement is false; consider the 

counterexample: y x= . 

• The inverse is formed by negating the hypothesis and conclusion of the theorem Example: “If a 
function is not differentiable at a point, then it is not continuous at a point.” This statement is 
also false.  

• The contrapositive is formed by negating and interchanging the hypothesis and conclusion of a 
theorem. Example: “If a function is not continuous at a point, then it is not differentiable at that 
point.” This is true.  

A theorem and its contrapositive are either both true or both false; a converse and an inverse are 
either both true or both false. However, a theorem and its converse do not have to be both true or 
both false, although they may be.  Thus, if the contrapositive is true, the theorem must be true also.  

A definition names something and is a biconditional statement. Its form is 

(something is true) if, and only, if (something else is true). 

 Example: A quadrilateral is a square if and only if it has 4 congruent sides and 4 right angles. This same 
definition could be written “A quadrilateral has 4 congruent sides and 4 right angles if and only if it is a 
square.  Definitions are always reversible; their converse is always true. This is why they are called 
biconditional statements.  
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Learning Theorems 

Theorems should be understood more than memorized. Understand their structure and learn to 
“play” with them. Learn their meaning by looking at them graphically, numerically, analytically 
and verbally.  

To “play” with a theorem: The assumptions matter. Each hypothesis is necessary for some 
reason; understand why each is there. Change one of the hypotheses and see what happens 
and what changes. What would be different if this were not here?  

Check the converse, inverse, and contrapositive.  

Learn about counterexamples.   

The words “any”, “every” and “all” are used in many theorems and definitions. The three words 
are always interchangeable: read the theorem and replace one of these words with each of the 
others. This may help you better understand what the theorem or definition means.  

• For all real numbers x, 2 0x ≥  

• For any real number x, 2 0x ≥  

• For every real number x, 2 0x ≥  

Proofs are, believe it or not, less important to understanding the theorem. If you’re convinced a 
theorem is true, or can see why it’s true from the diagram, then you can scan or even skip the 
proof.   

Understanding a theorem is different than understanding its proof. A reason to carefully study 
proofs is to learn how to do proofs yourself.  Another reason is to show you why the theorem is 
true. Also, some proofs help you understand the theorem better (some do not).  

The main theorems tested on the AP Calculus exams are listed. There may be others.  

Intermediate value theorem:   

If f is continuous on a closed interval [a, b] and ( ) ( )f a f b≠ , then for every value of M  between 

( )f a and ( )f b , there exist at least one value of c in the open interval (a, b), such that ( )f c M=  

In other words, a continuous function takes on all the values between any two of its values.  

Extreme value theorem  

If f is continuous on a closed interval [a, b], then f takes on a maximum and a minimum value on that 
interval.   
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A more formal wording asserts that there is a value in the domain for which the function assumes a 
value greater than or equal all its other values and also less than or equal to all its other values: 

If f is continuous on the closed interval [a, b], then: 

1. there exists a number c1 in [a, b]  such that ( ) ( )1f x f c≤ for all x in [a, b] 

2. there exists a number c2 in [a, b]  such that ( ) ( )2f x f c≥ for all x in [a, b] 

Notes: (1) A function may attain its maximum and minimum value more than once. For example, the 
maximum value of ( )siny x= is 1 and it reaches this value many, many times; (2) the extreme 

values often occur at the endpoint of the domain, and (3) for a constant function the maximum and 
minimum values are equal (in fact all the values are equal). 

Mean value theorem and Rolle’s Theorem 

Rolle: If If f is continuous on the closed interval [a, b], and differentiable on the open interval (a, b), 
and ( ) ( )f a f b= , then there exists a number c in the open interval (a, b) such that ( ) 0f c′ = .  

Graphically this means that somewhere between the places where a function takes on the same value 
there must be a place with a horizontal tangent (and therefore a relative maximum or minimum).     

 

MVT: If f is continuous on the closed interval [a, b], and differentiable on the open interval (a, b), 

then there exists a number c in the open interval (a, b) such that ( ) ( ) ( )f b f a
f c

b a
−

′ =
−

.  

Graphically this means that somewhere in the interval the tangent line must be parallel to the line 
between the endpoints. 

Increasing/Decreasing theorem 

If f is continuous on the closed interval [a, b], and differentiable on the open interval (a, b), and if for 
all c in the open interval (a, b),  ( ) 0f c′ >  ( ( ) 0f c′ < ), then f is increasing (decreasing) on the closed 

interval [a, b].  

Note: If ( ) 0f c′ = , this theorem does not apply. Why? 

First derivative test 

If f is differentiable and c is a critical point of f and if ( )f x′  changes from positive to negative at x = 

c then ( )f c  is a local maximum of f.  
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If f is differentiable and c is a critical point of f and if ( )f x′  changes from negative to positive at x = 

c then ( )f c  is a local minimum of f.  

Second derivative test 

Let f be a function such that ( ) 0f c′ = and the second derivative of f exists on an open interval 

containing c, then if ( ) 0f c′′ > , f has a local minimum value at x = c.  

Let f be a function such that ( ) 0f c′ = and the second derivative of f exists on an open interval 

containing c, then if ( ) 0f c′′ < , f  has a local maximum value at x = c.  

If ( ) 0f c′′ = , the second derivative test cannot be used. The function may have a maximum, a 

minimum or neither at c.  

Differentiability implies Continuity 

  If a function is differentiable at a point, then it is continuous at the point.  

  Note: The converse is false: continuous functions are not necessarily differentiable.  

The Fundamental Theorem of Calculus 

If  ( ) ( )
x

a
F x f t dt= ∫ , then  ( ) ( )F x f x′ =  

If  ( ) ( )( )g x

a
F x f t dx= ∫ , then  ( ) ( )( ) ( )F x f g x g x′ ′=  

If  ( ) ( )F x f x′ = , then  ( ) ( ) ( )
b

a
f x dx F b F a= −∫   

( ) ( ) ( )
x

a
f x f a f t dt′= + ∫  

 

1. Work these free‐response question parts as directed by your teacher: 

a. 2006 (Form B) AB 6 (c) and (d).  

b. 1999 AB 3 – BC 3  (b) 

c. 2005 AB 3 (d) 

d. 2008 BC 5 (a) (b) 

e. 2005 AB 5 (b) (d) 
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2. Next go on to the multiple‐choice questions (Calculators for 6 – 9 only. 11 is a BC only question).  

 

WATCH and LISTEN to the multiple-choice questions being solved 

Go to http://tinyurl.com/NMSI-Math-7 Click on the “Full Screen” arrow. Then 
click anywhere on the page to see and hear from that point on.  

Click anywhere to go back anytime. 

 

Multiple‐choice answers: 1 A, 2 E, 3 B, 4 B, 5 E, 6 C, 7 C, 8 D, 9 D, 10 E, 11 C.  
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Question 5 

 

© 2008 The College Board. All rights reserved. 
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The derivative of a function f is given by ( ) ( )3 xf x x e′ = −  for 0,x >  and ( )1 7.f =  

(a) The function f has a critical point at 3.x =  At this point, does f have a relative minimum, a relative 
maximum, or neither? Justify your answer. 

(b) On what intervals, if any, is the graph of f both decreasing and concave up? Explain your reasoning. 
(c) Find the value of ( )3 .f  

(a) 
 

( ) 0f x′ <  for 0 3x< <  and ( ) 0f x′ >  for 3x >   
 
Therefore, f has a relative minimum at 3.x =  
 
 
 
 
 
 

2 : 
1: minimum at 3

 1: justification
x =⎧

⎨
⎩

 

 

(b) ( ) ( ) ( )3 2x x xf x e x e x e′′ = + − = −   
( ) 0f x′′ >  for 2x >  

 
( ) 0f x′ <  for 0 3x< <   

 
Therefore, the graph of f is both decreasing and concave up on the 
interval 2 3.x< <  
 
 
 
 
 
 

 

3 : ( ) 2 : 
1 : answer with reason

f x′′⎧
⎨
⎩

 

 

(c) ( ) ( ) ( ) ( )
3 3

1 1
3 1 7 3 xf f f x dx x e dx′= + = + −∫ ∫  

                     
3 x

x
u x dv e dx
du dx v e

= − =

= =
 

( ) ( )

( )( )

3 3

11
3

1
3

3 7 3

7 3

7 3

x x

x x

f x e e dx

x e e

e e

= + − −

= + − −

= + −

∫
 

 

 

4: 
1 : uses initial condition
2 : integration by parts

 1 : answer

⎧
⎪
⎨
⎪⎩
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Name: ________________________  Class: ___________________  Date: __________  ID: A

1

Teaching Theorems Multiple-choice Examlpes

Multiple Choice
Identify the choice that best completes the statement or answers the question.

____ 1. 

The function f is continuous on the closed interval [0, 2] and has values that are given in the table above. The 

equation f x( ) = 1
2  must have at least two solutions in the interval [0, 2] if k=

a. 0

b. 1
2

c. 1
d. 2
e. 3

____ 2. Let f  be a function that is differentiable on the open interval (1, 10). If f(2) = -5, f(5) = 5, and
f(9) = -5, which of the following must be true?

    I. f has at least 2 zeros.
    II. The graph of f has at least one horizontal tangent.
    III. For some c, 2 < c < 5 , f(c)=3.

a. None
b. I only
c. I and II only
d. I and III only
e. I, II and III

____ 3. The function f is continuous for −2 ≤ x ≤ 1 and differentiable for -2 < x < 1. If f(-2) =-5 and f(l) = 4, which of 
the following statements could be false?

a. There exists c, where -2 < c < 1, such that f (c) = 0.
b. There exists c, where -2 < c < 1, such that f '(c) = 0.
c. There exists c, where -2 < c < 1, such that f(c) =3.
d. There exists c, where -2 < c < 1, such that f '(c) = 3.
e. There exists c, where −2 ≤ c ≤ 1 such that f c( ) ≥ f x( )  for all x on the closed interval 

−2 ≤ x ≤ 1.

15



Name: ________________________ ID: A

2

____ 4. If f is continuous for a ≤ x ≤ b and differentiable for a < x < b, which of the following could be false?

a. f ′ c( ) =
f b( ) − f a( )

b − a  for some c such that a < c < b. 

b. f ′ c( ) = 0 for come c such that a < c < b.
c. f has a minimum value on a ≤ x ≤ b.
d. f has a maximum value on a ≤ x ≤ b.

e. f x( )dx
a

b

∫  exists.

____ 5. 

The function f is continuous and differentiable on the closed interval [0,4]. The table above gives selected 
values of f on this interval. Which of the following statements must be true?

a. The minimum value of f on [0, 4] is 2.
b. The maximum value of f on [0, 4] is 4.
c. f(x) > 0 for 0 < x < 4
d. f '(x) < 0 for 2 < x < 4
e. There exists c, with 0 < c < 4, for which f '(c) =0.

____ 6. Let f x( ) = sin tdt
0

x
2

∫ . At how many points in the closed interval [0, π ] does the instantaneous

rate of change of f equal the average rate of change of f on that interval?

a. Zero
b. One
c. Two
d. Three
e. Four

____ 7. Let f  be the function defined by f x( ) = x + lnx . What is the value of c for which the instantaneous rate of 
change of f at x = c is the same as the average rate of change of f over [1,4]?

a. 0.456
b. 1.244
c. 2.164
d. 2.342
e. 2.452
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Name: ________________________ ID: A

3

____ 8. If f is the antiderivative of  
x 2

1+ x 5  such that f (1) = 0, then f(4) =

a. -0.012
b. 0
c. 0.016
d. 0.376
e. 0.629

____ 9. If F x( ) = t3 + 1dt
0

x

∫ , then F ′ 2( ) =

a. -3
b. -2
c. 2
d. 3
e. 18

____ 10. d
dx sin t3Ê

Ë
ÁÁÁ

ˆ
¯
˜̃̃dt

0

x
2

∫
Ê

Ë

ÁÁÁÁÁÁÁÁ

ˆ

¯

˜̃̃
˜̃̃
˜̃
=

a. −cos x 6Ê
Ë
ÁÁÁ

ˆ
¯
˜̃̃

b. sin x3Ê
Ë
ÁÁÁ

ˆ
¯
˜̃̃

c. sin x6Ê
Ë
ÁÁÁ

ˆ
¯
˜̃̃

d. 2x sin x 3Ê
Ë
ÁÁÁ

ˆ
¯
˜̃̃

e. 2x sin x 6Ê
Ë
ÁÁÁ

ˆ
¯
˜̃̃

____ 11. lim
x → 1

et
2

dt
1

x

∫
x 2 − 1

 is

a. 0
b. 1

c. e
2

d. e
e. nonexistent
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